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Simulation of Degradation Processes. I l l .  Testing 
of Some Relations for Random Chain Scission 

Research Institute cf Rubber and Plastics Technology 
Go tt waldov - Louky , C ze c ho s l o v a b  

A B S T R A C T  

By means of the Monte Cario method a course of random 
chziz scission was simuiatea and the ioliowing were 
determined: the number-average moiecular weight and 
the degree of polymerization of the system, the weight- 
average .xoiecuhr weight and the degree of poiymeri- 
zation of the system. the number of molecules of degree 
of p!!.-merizacioa hisher than LT arbi t rar i ly  chcsen value, 
and  tkLe n u r h e r  of molecx!es of a given degree of p l y m -  
erization. Values obtained by siLxu!a:ion were compared 
with some aralyt ical  relations. Some hitherto unknown 
cfiaracterist ics of the whole process  have been 
esxbl ished.  

I ! i T R O D U C T I O S  

In a srevicus 92ger [ 1; a simple mode! w a s  described which used 
the l lonte c"ar!o rnechcd f o r  sinuiatior.  of cAhanges in molecular 
weights oi po lyne r s .  The  discribution in rabular form was worked 
out on four assumptions: 

I. The probability of scission of 2 molecule of degree of polym- 
erization n .  is q u a i  to i:s weight fracticn. 

1 

9 23 
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924 s M U C  

2. The elenencar:; steps move in che system at a consram velocity 

3. The process is completely random. 
4. The system is closed. 

:one elementary step is P scission of one molecule,. 

Depolymerization in the s i m u l h e o u s  formation of rncnomer was 

Xt follows from Assumption 2 thac the time of degradation is 
not considered. 

directly r e h t e d  to the number of calculated cycies. From Xssump- 
tions 1 and 3 +t follows tbac the probability of scission of a rcolecule 
of polymerization degree n. is p; = N n T;Sini, where Ni is the 

i . i i  
number oi molecales of degree of polymerization n.. Tke course 

of one calculation cycle performed by computer is apparent froin 
the simplified scheme m Fig. 1. 

1 

FIG. 1. Simplified calculation scheme. 

From our model the fo1lo;vinq v e r e  derived: 

1. The dependence on time of the number of molecules Y: oi  
degree of Folyrr.eritat:cn n. I 

L 

where 4' is a consunt  and v is the t-eloc:Pj of the elementary steps. 
Equation (1) m s  mtzgrated 111 the limits 0 to t on the assumption 

that the ShrK'hng rnolecular 'xeight distributior, :s sufficiently narrow. 
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SMt'LATIOK OF DZGPL~DXTIOS PROCESSES. I'D 925 

p. = N.n. ZX.ri.. v is constant, and 1;' = k Z  N.n.. The result was an 
1 1 1 '  1 1  1 1  

equation for a first-order reaction: 

2. For 

- 
1 - l , nnO = Kt nt 

where Ti and iT are the number-average degree of polymerization nt nO 
of the system at times 0 and t, respectively, and K is a constant, and 
with the assumption that 

T N  =xiio + v t  i t  

it  %as derived that 

K = v; Z Kini 

and the average scission velociiy of the c h i n s  of the whole molecular 
set at any given t h e  is equal to 

- 
v = Gn 

The aim 31 t > i s  paper uas to test sor,e quantit ies which are 
expressed anaiyticallp and which a re  important fo r  the characteri- 
zation of a polymer in the course of random chain scission by 
applgmg the results obtaiied by the Monte Carlc rnethoc! and to 
find some nuiual relations. 

R E S U L T S  A N D  D I S C C S S I O X  

To  test :he analytical relaticns by the application of results 
obtained by the Monte Carla method, we shall assume that time 

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
1
0
:
1
9
 
2
5
 
J
a
n
u
a
r
y
 
2
0
1
1



9 26 

is numerically equal to tke number or' cyc le s  calculated by 
computer. 

T h e  D e p e n d e n c e  or' t h e  N u m b e r - X v e r s 5 e  ? o l ; I x a r i -  
z a t i o n  D e g r e e  of t h e  3:;sLlrn n -  a n d  t h e  X u m b e r -  - 

n 
. l y r e r a g e  M o l e c u i a r  W e i g h t  X -  o n  T i m e  

- 
It is horvn  tbat 51 = >LTn, where ?II is the molecular -$eight or' a n 

monomer mi t .  The deterxination of the dependence of 5 on time 

therefore also deternzliqes the dependence a t  

time t is equal to 

n 

n' 
The va:ue of ihe number-average polymerization degree ,? in n 

- 
n nt = CNini'SNit = 3 nO S N  i0,' S N  it ( 7 )  

where r V  

t i n e  t a i d  in time t = 0, resgectively. 
Substituting for  TN; from Eq. \-I): 

and ZX. i t  10 3re the numbers of molecules in the system in 

.t 

The value of the elementary steps veiocity v can be evaluated ::om 
Eqs. ( 3 )  and ( 5 ) .  Equations ( 7 )  and :8) a r e  identical m t h  the equations 
derived in Ref. 2 for the case of random cross-linking without 
c yclization. 

C o m p a r i s o n  v i t h  R e s u l t s  O b t z i n e d  b y  t h e  M o n t e  
C a r l o  M e t h o d  

- - 
The dependence of 1 n - I< r, on the number or' calculated 

cycles given by computer for the smuia t ed  case is zlocted in Fig. 2. 
Far the sunulated case, !he value or' the constant iZ in Sq. 13) 1s 
equal to (dedmed from the g a p h  L? Fig. 2:: K = 3.63 x 10'". It 
follows from Eq. \51 that Y = K Z N  n.. For the simulated case, 

nc nO 

1 1  
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3 2 i  

- 
FIG. 2. Dependence of the chfference 11; - 1, n on the number nt nO of cycles. 

ZS.n .  = 27,404,330, thus T* = 1.0002588 

-:;ich che assum?cion that  at one czlculated cycle on the computer 
m e  new rnoleccle is fcrxled as a result  of scission ci one randomly 
selected ;nolecule mto :wo parts. 

Fo r  the simulated case it is thus possible to write Eq. \7) in the 

1, x h c h  is m agreement 
i l  

form 

- 
n = SS.n . ,  (SS. nt 1 1 10 

where t is the number 

- t ;  

of commted cvcles. The deDendence of 
ncEber-average po!rrr,erization degree n ’on the ncmber of com- 

puted cycles is shoun in Fig. 9 fo r  the simulated case. 
n 

(5)  

the 

T h e  D s p e c a e n c e  o f  t h e  W e i g h t - A r e r a g e  T o l y m e r i z a -  
t i o n  D e g r e e  O !  [ h e  System Ell- a n d  t ’ ne  LVeigh t -  

- 
~ v e r z g e  h I o l e c u l a r  W e i g h t  of  S:,.s:er. SIu, o n  T i m e  

Since = LL- we shall  examme on!!: the dependence of n 
= 2 S . n  ’ ;Sini. Fgr a closed system SX.n. is 

w i i  1 1  

W u” W 
on trme, where E 
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'I I ! I 
I 

J - 
0 'C 20 cx,o-3 30 ' 

FIG. 3. Dependence of the num5er-average polymerization 

n degree 5 on the number of calculation cycles. 

constant, so that only the term XN.ni '  varies ;vith cine. i3y selecting 

at random a molecule v i th  a polymerization degree n = nt  - 2 2  

and splitting it a t  m d o r n  into two molecules of polymerization 
degrees RL and nz, the value o i  ZXini2 a l l  decrease: 

1 .  

x 

where  At is the time needed for a scission d one racdo.nly seiectsd 
molec.de. 

It follows tfiat 

When descrrbmg the method cf cham scission simulation m Ref. 1 
and m Re?'. 3, it was staced char for  a ruldorniy selected zoleculz 
of degree oi Foiymerization n v e  shculd use a randgm number J 

i r o n  the populaticn xpudistr:bnted LT the rvlge 0 t3 1 m d  b y  :ts 
x' 
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use we should create the fragmenrs n l  =?riX and n: = ( 1  - or ,  . The 
product n l n 2  shall then be equal t3 

x 

2 nin2  = p i 1  - g l n  x 

According to the mean r a k e  theorem, the mean value of the product 
p{1  - p )  in the region ( p a p ;  is equal to 

P 

iVhich for :he interval (0,1) gives the value 116. Equation (10) can 
thus be e q r e s s e d  in the form 

Ir: order  t 3  Litegrate E;. i lli, we must SUbS!itUute for  n X' 

Case 1 

Let us suppose that n = 5 'Thea x w' 

&\V = dt 

Integrating in the Limits 0 to t. we obtain 

i 13! 

Comparison -$vith Results Obtained by the l lonte Carlo Metkod 

The dependence of i? on the number of computed cycles is 
U' 

apparent in Fig. 4 fo r  the simulated case,  For the simu!ated case 
we found from the graph in Fig,. 2 the ~-2lce K = v) SS.n .  = 3.65 X 

which rnakes i t  possible to evaluate the right-hand side of Eq. (i3). 
1 1  
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930 M A W C  

FIG. 4. Dependence of the veight-average polymerization degree - qXr on the number of calculation cycles. 

- 
The dependence or' 1, <.,& - 1, n,20 for values of ZyM calculated by 

the Monte Carlo method and the dependence of vt, 3SN.n. on the 

number of cycles given by the computer is plotted for the simulated 
case in Fig. 5 .  This figure shows poor agreement between the  
values obtained Sy the Monte Carlo methcd and Eq. (13). For che 
dependence of Z,# on time during cross-linking without cyclization 

1 1  

v 

2 

- - 
FIG. 5. Dependence of the difference 1, n - 1, and deoen- -Kt 

dence oi -A. JTN.2. on the number of calculation cycles. 
1 1  
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SBICUTIO?; OF DEG?L.GIXTIO?: PROCESSES. IE 931 

we have shown in fief. 2 that. in order  tc ge. better agreement n5Kh 
the results obtained by the Xonre Carlo method. it is necessary to 
a!so express m the equatior. the change in tne total number of mole- 
cules present ;a the system. 

Case 2 

Let us suppose the dependence is in the form 

By substituting 31 Eq. (11) and integrating ir, the l imits 0 to t, we 
Obtain 

Com-,arison ;i.icn reSdKS obtamed far  the simulzted case oy the 
Mcnie Car:o mechcd shows tb2K fcrr Eq. ( i 4  I the most convenient 
value is n = - 2 ,  3 .  Substi tutng ths valce for n I.II Eq. \14), we 
ontam 

- - 
The difference 1 n - 1 c fo r  ra lues  calculated by the Uonte 

Carlo method and the values of the r;ght-hand s ide  of Eq. 15) a r e  
Tlctted for  the simulated case XI r e h t i o n  to the  number of cycles 
m Fig. 6. 

I t  1s possibie to ob=m escellent agreemerir between the equation 
and the resillts obtamec oy the Monte Car lo  nethod ;S we assu.?le 

vit w o  

For cross-1mhr.g it was shoun [ 21 that for the simulated case 

Poorer agreement of Eq. i 1 5 '  with the resul ts  
Xonte Car lo  method t 'cr cham scission. wmch 

obcaiiied by the 
can be noted in 
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- - 
FIG. 6. Values of the difference 1 , n  wt - 1, n,vo : 1 and values 

of the right-hand side oi Eq. ( 1 5 )  ( 0 )  and dependence on the number 
of calcuhrion c:;cles. 

Fig. 6, is probabi? caused by o i l  - p ) .  The validity of Eq. i 15) and 
the influence of p (  1 - p will be necessary to test  for other forms 

i0' of the distribution curve ar.d for  otker values oi SX 

N u m b e r  o f  L l o l e c x l e s  of P o l y m e r i z a t i o n  D e g r e e  
H i g h e r  T h a n  t h e  Xandomlqr  C h o s e n  V a l u e  n; i n  

R e l a t i o n  t o  T i m e  

At random scission of 9ol:rrners the degradation c m  be accom- 
paTied Sy dissolution of a part of the material vith the !owest 
molecular weight. TkAs case w a s  studied by Mejzler fo r  t -m 
formerly pubiished xcde!s c i  random degradation [ 3. 6 j .  Bcth 
of these models a r e  !imited 5y the condition ci  the s t a r tkg  molec- 
ular xeight or' the po1:rmer and are ,  therefore, cot .genera! aiougfi. 
We shall attempt to f h d  re!ations valid for m y  f o r m  of distribut:on 
curve. 

of polymerization n 

cules of Fol'ymerization degree n t  aiid n2, theI?, tor an arSitrari ly 

If we select xich ?robabiiic:r p = N n C X n .  3 molecule of degree x X . Y  1 1  
= nL - nz and sFlit i t  at  random into two mole- x 
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SLMCLATIOX OF DEGX4DXTIOS PROCESSES. III 332 

chosen degree of polynierization ,? 

ar ise:  

Case 1: n; < n. 
1 

nz < n. 
1 

Case 2: nl < n. 
1 

n2 > n. 
1 

Case 3: n: > ni 

nz > n. 

> n,, three different cases  map x i  

1 

Note: The case n l  o r  n2 = n. shall be dealt with in the following 
section. 1 .  

Case 1 

The result  is a decrease in the nurnber of mclecules l a r g e r  t k i  
n.. This can happen onlj- if n - is from the inte-sal n. i n \ hi. 

The probabi!ity that f r o n  the raidon, scission of one moiecde  cf 
degree ci polynerizaticn n from the range n. x il .C 21- two 

molecules of degree of po1:merization lower than n. a r e  formed 
is equal to 

1 x i x  

X 1 x ‘i’ 

1 

P I  = (2ni = nxj/nx 

The probability that any molecule of degree of polymerization 
n from the interval n. < n < 2n. -xi11 be randomly selected a i d  

by random scission two nolecules  a r e  formed of degree of polym- 
erization lower than n . ,  ail1 be the sum p p l  from n = n. up to 2n.. 

1 x S l  1 
We can thus write for the number of molecules from interval n. 
to 2n:: 

x 1 x  1 

1 
I 
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934 4 L X . 2  

where At  is the time needed for a scission of one molecule in the 
system. Then 

n =n. n =n.  n = n .  x 1  X I  :< 1 

where iC is a constant f rom Eq. 1 3 ) .  

ing as a result  of the transfer 93f molecules t i to  :he a rea  beiow n i' 
bQt they can even increase by the scission of molecules of degree 
of polynerization higher than 2n. as a consequence of Case 2 o r  3.  

30th t e r n s  of the  r i g h t - h a d  side of Eq. 1161 a r e  aot m l y  decreas- 

1 

Case 2 

In this case the total number of molecules larger  than n. is nct 
1 

influenced. Their  dislocaticn in the range above n. is altered. 

however, and the total mass  sf molecules of degree of polymeri- 
zation higher than n. is decreasiig.  The probability that by rzidoia 

scission of a molecule of degree sf po1:imerization f rom the range 
a. < n i Zn., one molecule will be formed of degree of polymeri- 
1 x  1' 

zation lower and mother  molecule of degree of polymerization 
higher than n. is 

1 

1 

1 

The  probability that blr random scission of 3 moIec-!e si degree 
> 2n.. one .nclecule wil l  be formed oi polym- oi polymerization n 

erization degree higher ar.d mother  o i  polymerization degree lower  
tba i i  n. is 

x 1 

1 

p3 = 2n., nx 
1 
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SL\IGWTIOS OF DZGRAD-ATIOS PROCESSES. III 935 

By scission of a molecule of degree of polymerization n > 2n 
X i 

a moiecule of degree of polymerization nl C n. can be formed and. 
1 

it the same time, a molecule of polymerization degree n2 from the 
range (n..2n \ .  

1 i‘ 
If by scission of a molecule of degree of po lymer i a t ion  n it 

3 

is desired to form a molecule of degree of polymerization n, < n. 
1 

and simul’aneously a molecule of degree of polymerization n2 from 
the range ;n,,2ni). then n must be from the range .‘2n.,3n.‘ etc. 

By this ?roceaure the whole ;ar.pe cf vaiues n dis i i tegrates  i o r  a 

given n. f rom the point of view oi Case 2 into a number oi subranges 

whose l i n i t s  a r e  formed by the whole even multiples of degree of 
polymerization n 

For k > 2 i t  holds that the probability of scission of a molecule 
of degrse of polymerization n from the range ((k - 1 )ni,kni), with 

the simt!Lzneous forxzation of a rnoiecuie of degree of polymerization 
ni i n. and a molecule 3f degree ci poiynerization 2 2  f rom the range 

‘:k - ?in ik - 1h.:l,  is equa1 to 

x 1 1” 

x 
1 

i.e., the values hi and k = 1, 2, . . . . i’ 

x 

1 

i’ 1’ 

pk = 2 ( h i  - n ; , n  3 s  

:dass t r ans fe r s  resultmg from Case 2 are, tnerefore. fairly 
complicated. 

Case 3 

The result  LTI this case 1s an lncrease of the total number of 
molecules b r g e r  thaq I?. . T h s  caii only hzppen wnen n > 2n.. 

The proDzbi1it.r. of formation of two molec-des of degree of 
polymerization h q h e r  tnaq E by random sc:ssion of a molecule 

1 x 

1 
of degree cf ?olymeriza:ion n 1%. 22; is x I 
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The probability that a molecule of degree of polymerization 
n > 2;li vKill be r a n d o d y  selected. a d  by r z d o m  scission two 

molecules formed of degree of golymerization higher than n is 

the sum p. D~ from 2n. to n. 

o i  molecules of degree of polymerization higher c h n  n. as a result  
of Case 3 we can w i t e  

x 
i’ 

so that for  a change of the number 
k 1 1 ins,,' 

1 

a. n i m a u  ~ 

n. 
1 mau 

.3c 5< x x  
n =n. n =2n. n =2ni 
x 1  X I  x 

There K is a constant from Eq. ( 3 ) .  

in the region above n.. 
As a result  of Case 3 there are again complicated mass  t ransfers  

Tvo molecules from the ra i se  (n 2n.j can be formed by scission 

of 3 molecule of degree of polyynerization n as Fer Case 3 only when 

n is from the range <2n,,3ni), etc. Two molecules of a degree of 
3 - 2  a- l  wlyrnerization from the range :,2 3. 2 

formed only when n is from the range (2 
X i’ 

a = 2, 3, . . . The probability that by scission of a molecule of degree 

of polymerization n from the range :2a-1ai,?an \ t-ao molecules 

w i l l  shu l taneous ly  be formed of degree of polynerization from the 

range /Z1-?n i’ za-lni; is equal t o  

1 

i’ i 

X 

x A 

n.) can, therefore, be 
I’ 1 

a-1 a n 2 ni j ,  while 

x i’ ’ 

One molecule of 5.aqree of Folymerizacion from the -range ;ni.?n;) 

can be formed by scission of a rnolecule of Folymerization degree n 

as per Case 3 snly when n > 4n., so that one molecule of degree of 

polymerization from the range :2a-21?i,2 

x 

x 1 
a- 1 n \ can only be formed i’ 
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SPJIJLATIOS OF DEG?-A.D.ATIOS PflOCESSES. In 9 3; 

. a  
X i' when n 2 2 n 

rnolecule of degree of polymerization n 
The  probability that by random scission of one 

zan.. one molecule will 
X 1 

be formed from the range 3(22-2n..2"-1n., is equal'to 
1 1 

2a- 1 
D =  n. ,  n - ai 1 . y  

Simultaneous Course of Cases 1 to 3 

Czse 2 does not rnfluence the number of molecules of degree of 
polymerization higher t i h a  n.. The change in [he number of no le-  

cules lugher than n; is  given. therefore,  by the summation of the 

right-hand sides oi Eqs. (16) and (17): 

1 

I n =n. n =fi. n =n.  x 1  .Y 1 ' x 1  

wnere K is a ConstZnt frcm Eq. (3'. 
n. 

I max 
The aetermriation of the dependence oi K n on t lme rn the c X X  

n =n. 

sirncltaneous courss  of Cases 1 to 3 is difficult. In order  to solve Eq. 
( 1 8 )  we shzll assume the dependence in :he form SN n 

x i  

= C e.xp(At). x x  x By solvmg 5 q .  (181 we obcaln 

where A. C. and K a r e  constants. Substituting const = K, !2Kni - hi, 
the eqcation becomes 
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Cornprison with Resu!ts Cbtaiied 5 p  the !.Ionta Car lo  >lethod 

Since Case 3 can only take place on the condition t,bc n Z 2n.. 
3 1’ 

it is possible to eliminate the incidence of Case 3 by a suitable 
choice of ni. Cases 1 and 2 cannot be separated. The Licibence 

of Case 2 is, however. large!y Iimited to the highest degrees oi 
polymerization in a given distAburion. 

For our model the starting distribution contained degrees o i  
polymerization from the range (500,3700). The range ni, for 7svhich 

no n > 2n. exists, is therefore, for the distribution under ~ c ~ c i n y ,  

the range n. > 1850. 
x 1 

1 
FOP testing purposes v e  chose three diifererit values of ni. 

1. n. = 3000. For the simulated course che region of highest 
1 

degree of polymerization where the scission occurs s o s t l y  accord- 
ing to Case 1. 

2. ni = 2000. Cases 1 and 2 occur, but not Case 3. 

3. n. = 500. Cases 1, 2, and 3 occur simultaneously. 

In Figs. 7 and 8 the course for  the decendence of 2N.n .  on time 

as obtained by the Monte Car!o method is plotted on a logarithmic 
scale. It shows [bat the applcacion of the assur-pcion 3 n 

C explait!, which we used in the kcegrstion of Eq. ;16:, is correct 
because the dependence on tirr-e i? the Ioqarithrnic scale is !hear. 

As long a5 Eq. (18) describes the real  dependence of TN on 

t ine ,  Eq. (19) should also be valid, sincE the assumption TN -n 
C s-xp(.\t) holds good. 

attempt to plcc the values of TN obtained by the Monte Cai!O 

nethod, against the values of TN n . These dependencies a r e  

1 

1 1  

= 
.x I< 

x 

x 
= 

1 3  

x 
The right-hand side of Eq. (19 )  has c-xa terms.  ‘,Ve shall first 

d 
x x  
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9 35 

3700 

n =30(30 

FIG. ?. aepencence z N x n x  on the nunber  of calcclation cycles. 

X 

;raphe& in Figs. 9 to 11. The dependence in Fig. 9 is quite linear, 
the  Lispersion of points L? Fig. 10 slightly greater ,  while the depen- 
dence in Fig. 11 is at first sight n o r e  complicated thzn che foregoing 
dependencies. 

does not e-xist, the influence of C exp(-2Kn.t) in Eq. (19) is very small 

ti.e., C is near  zero)  for  the simulated case so  that the course in this 
simulated case can be expressed with a fzir accuracy by 

It follows from Figs. 9 and 10 tkat in the region where n > 2n. x 1 

1 

n. n. 

C Sx 
= constx?;xnx 

n =n.  n =n.  

1 max 1 max 

X I  x 1  

120) 

where  the constant of proportionality is K, (2K.ni - A). 
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?- 
I 1 

I 

3700 
FIG. 8. Dependence C Nxnx on :he number or' cycles for  n. = ZOO 

1 and 2000. n =n. x 1  

The value of the proportionality constant in Eq. (ZO), deduced 

Siiice const = K. (2Kni - A!, then X = K (1, const - 2n.). Xs noted 
from Fig. 9, is 3.085 X 

before, the dependence of IN on SN n for the simulated case  is 

linear in the rar.ge n 

that from Fig. 10 i s  4.025 X lo-'. 

1 

:C X I  
> h, hence 

.Y 1 

1, const !SN n SN ) = ii . x x x o  lzlo 

Then 

.'i A KiZ . - Z A . )  (21) nio 1 

which makes it possibie to obtai i  the value A for the simulated case 
in a given area. The dependence ci values of h on n i s  p!otted f o r  i 
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3700 3700 C xX on values FIE. 9. Dependence of values CN n s x  
n =3000 n =3000 x S 

th is s m u l a t e d  case rn Fig. 12. A s  it is apparent f rom the figure, we 
c m  express t h s  dependence for the model case by a linear equation 

,.There k, xnd q 2re  ccrnstants. .Gter evaluation of the constarits we 

obtair. for the simulated case 
'4 

Since f o r  the simulated case Eq. ( 2 1 ;  is valid, :: xcs: also hold :hat 

- 
n .  = k n . - a  (24)  nio n 1 -n 

where X and c a r e  constants. r. -3 
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3700 3700 
FIG. 20. Dependence of vahes N on values .U n 

1 x :c 
n =2000 x n =2000 x 

Substituting Eq. ( 2 4 )  into Eq. ( 2 1 )  and cornparkg with Eq. (221, 
we cbtam 

Thus by substitutmng va!ues i r o n  Eq. 1231 we ootam for the 8i.nu- 
latea casz k = 0.712 and q = 1096. 

The dependence 3i 5 on n 1s glotted LJI Fig. 13. We note rn 

thls figure c b t  the de?enaence for the simulated case is rea1:y 
linear. The values of constants deduced f rom Fig. 13 are 1; = 9 .73  

n 1 

n10 1 

n 
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I I I I I I I 
25 

L 1 
I 

I 
I 0 '1 

P 

- 25 
3700 

10- x TN,,, 
1,=500 

3700 3700 EXx on values c Nxnx FIG. 11. Dependence of values 

n =500 n = S O 0  x x 

FIG. 12. 
degree n.. 

1 

943 
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I I I I I I I 
3 3 - 

80-3, 1, 

FIG. 13. Dependence of the number-average polymerization 
degree of molecules bigger than n.  (indicated by n . ) on polym- 
erization degree n.. 1 n1o 

1 

and 371 = 1060, which i s  in good agree-Pent with the vaIues obtained 

by Eq. (23) .  
Since the dependence of 3 . an n.  is given by the shape of the 

distribution curve, so also is the validity of Eq. (24)  and, conse- 
quently. of Eq. 122; iimited to some special cases,  e.g.. to the 
simulated case. 

On the basis or' only one simulated case it is difficult to decide 
the r a g e  in w h c h  Eq. (20'1 i s  vaIid for any arbi t rary d i s t r i h t i o n ,  
i.e., vhecher che value of the constant C in Eq. ti91 depends soleiy 
on the occurrence or' Case 3 o r  whether it depends also on the io rm 
of the distribution curve. 

L2t us po now to Fig. 11. The dependence of ZX on ZN n is 
=Ore colcplicated for n. = 500 than the dependence in Figs .  9 and 10. 

In Zq. \ 19) :ve s r ~ l l  therefore also imestigate the influence of 
C eqt-2Kn.t l .  For the simulated case rhe dependence of TN on 

TN n and on time for ni = 300 i3 expressed by Eq. (19) which 
af ter  evaluation or' the constants. has the form 

nio 1 

x X X  

1 

1 x 
s x  
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3700 3700 
= 1.344 x 

s X 

c K x n x  - 1.64 X lo4 exp(-3.649 X lo-?) (25) C"X 
n =500 n =500 

Equation (251 expresses the aependence cf SN on EX n and on t:me 

Kith an accuracy greater than ~ 1 %  as compared with values obtamed 
by the Monte Carlo method fo r  n = 500. 

X x x  

1 
For the tested course both the assumption TTU' n = C . expcXt) 

and Eq. (191 rn the wnole range of degrees of poiymerization a r e  
valid. A!so vahd is Eq. i 18 ) .  whose val ihty we endeavored to test. 
It w-111 also be necessary to test the validity of Eqs. (18) and (19) 
for other shapes of chstribution curves and m t h  other numbers of 
molecules present m the system. 

can adjust Eq. 119) and use the relation 2 n = C erp(At) to obtarn 

s x  x 

Srnce ZK n = Cx exp(Xt) holds good and so does Eq. (191, we 
X X  

x x  x 

M t e r  further adjustment of Eq. (26) we obtain 

(27) - - C2t, n , = n . [ I  - C l i l  - e nit NO' 

where C: =Ti . 

the dependence of a number-average degree of polymerization of 
molecules 55th a degree of polymerization nigher than t h e  arbi t rar i ly  
chosen value n.  on time as !on% as Eq. (19;) and the relation 

S?; n = C eiDlhtj is valid. 

0 znb. consequently, a!so 
C1 

e s i s t c e g i o n  of higher molecular weights, for  which the number- 
average degree of polymerization is constant irrespective of 
degradation time by random chain scission. 

C; C and Ca = -:ZE;ni - A;. Equation 127: describes nio x 

1 

x x  x 
Because a region can e s i s t  where C 

0 tfor the simu!aLed case the region n. 2 2000!, there can also 
1 
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D e p e n d e n c e  o f  t h e  N u m b e r  of S f o i e c u l e s  X of 

P o l y m e r i z a t i o n  D e g r e e  n o n  D e g r a d a t i o n  T i s e  
i 

i 

In the foregoing section -.ve did not deal with :he case xhere  n l  
o r  n2 = n.. This  case is, neverthe!ess, important for e q r e s s i z g  

the dependence of the number of molecules of degree of polymerr- 
zation n. on time. 

of degree of polymerization n. on time in the  form of Eq. '1) as 

1 

1 
In Ref. 1 we deduced the dependence si the number of rnolecules 

1 

where k' i s  a constant and v is the velocity of the elementary steps. 
Fgr random chain scission there exists no region in which the start- 
ing distribution of molecular masses  is sufficiently narrow. Equation 
121 then holds good e.uac:ly only for the highest degree of yolym- 
erization. For all other degrees oi polymerization we >ave to 
assume t.ht the prababilibj p. in Eq. !lI is composed of the number 

pi-, i.e., the probability that a molecrrle of degree of po1gmerizar:on 

n. sill be randomly selected for scission, and the probability pi,, 

i.e., the probabilipf that by random scission of some molecule 
larger tfian n. a molecuie of degree 3i polymerization n. will be 

formed. Hence Eq. I l! must be written for random chain scission 
as 

1 

1 

1 1 

dN., dt = k'7 ( p  - pi-! 1 i- 

The probability pi , i.e., the probabiliiji that a molecule of polym- 

erizacion degree n. will be m d o m l ' i  se!ected f o r  scission, is 
- 
1 

pi- = N,n. /SN.n  
- 1  i i  
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The probability p.  

a randomly seiected molecule of degree of poiymerization n. > n. 
1 1  

a Lolecuie uil l  be formed of degree of polymerization n.. is a 
probability ccm2osed of CWO parts: 

i.e., the probability that by random scissior, of 
li' 

I 

i. The probability thzt for scission a moiecule of degree of 
po!ymerizarion n.  will he selected is equal to p = K.n.,,ZX.n.. 

2 .  The probability t ,bt  by random. scission of a molecule 
cf degree of polymerization n. > n.. a molecuIe of degree of 

1 j 1 1  1 1  

1 1  
polyxerization n .  will be formed is equal to p . .  = 2 ni .  

1 11 

The p-obabilit:; pi- is then 

n .=n  -1 E. =n.  71 
J i  1 1  

5ubstiw:k.g into Eq. 1 2 8 ~ .  we obuLr 

x h e r e  K is a conscazt f rcm Eq. (31 .  

n-x-ber of molecules of degree of polymerization higher t k i .  the 
a r j i t r a r i l y  chosen value was dealt with ;n the foregomg section. 
It s-dfices then to expres s  S?: m Eq. (19 )  by means of assuapt ion 

S?; n 

and LO adjust to obtaln 

Li orde r  to Litegrate Eq (29 1 ws must substitute for XX . The 
I 

x 
= C . e x p ( ~ t i  as a fmctror. of ti.?ie. to  substitute LXO Eq ;291. x s  x 
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where 

.C is a constant from Eq. (19). 
By solving Eq. (30) and adjustirg, we obtain 

n. 
1 rnax 

X. = c o n s t ' x N . n .  T C' e.up(-2fiit) 
1 I 1  

131) 

where 

A s  c a n  be seen. Eq. (311 is in aqreernenr. m t h  the exception vf 
the c0nstar.t calues, ivltfi Eq. [ 19 1. It is necessary, hoq*ever, to pomt 
out chat bcth Zq. 119'1 and Eq. \31! :vere deduced on the assumption 
that S,Y:cnx = Cx e.upc.it1, ;vhich is valid fo r  the sirnulared case but 

-.vhose genera1 ;ra!idiQ x i s  not 5een proved. 

C o m p a r i s o n  v i t h  R e l a t i o n s  Published T h u s  F3r 

Simha [ ? I ,  Tobolskj: [ 8 ] ,  MC Conley 1 9 1  have. in their equations 
for the c h g e  Li !he num-ber ct' molecdes of a $men degree of  
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SIMULATIO?; OF DEGRU3.4TIOX PROCESSES. KU 949 

polymerization in r e b t i o n  to time. onlv one constant k instead of two 
constants (k', Kl mtroducec? in Eq. 1291, and instead of n. they have 

1 

n. - 1 so  that their  equations? expressed by the symbols used in this 

paper, have the form 
1 

The difference from our  Eq. (29)  is thus insignificant. 

transcription to the symbols used in this paper and a f t e r  replacing 
the integral  by summation, has the form: 

Saito [ lOj published an integro-differential equation which, af ter  

n. 
1 max 

dK., dt = - S . n .  
1 1 1  2Cpjj 

n . = n . t l  
1 1  

Compared to our  Eq. (29) ,  it a s sumes  a value f o r  constant k'K of 1. 

Comparison with Results Obtained by :he Monte Carlo Method 

E s t i m a t i o n  of V a l u e  of  C o n s t a n t  k '  i n  E q .  i l ) .  
A s  already noted, Eq. ( 2 )  is vahd  for r a n d o a  chain scission only 
for the hghes t  degree of polyinerization in a given distribution. 
The bghes t  degree oi polymerization in this simulated case is 
n .  = 3700; X;3700 is, however, too small for  ths case  (less than 

100). For the dependence of K3,ao on time, one can expect a con- 
siderabIe disPersion of points. 

Equaticn ( 2 )  should, however, be approximately valid even fo r  a 
wider region of the highest degree of polymerization. The region 
cf the highest degree of polymerization icr tMs simulated case  is 
n. 2 3000. We caii thus t ranscr ibe Eq. 12) into the form 

1 

1 

i n .  = 3000 ni= 3000 / 
1 
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Plotting the dependence on a iogarithmic scale  derived f rom the f i rs t  
part or' the dependencies in Fig. 14. the value oi Irm: = 1.134 ;< 10". 

Substituthg fdr n. a usual ari thmetical  mean. i.e.. the value 3330, 

we obtain kv = 3.33  x Since 3; = YK, where k' i s  3 constant 
in Eq. (1) and K a constant in Eq. 13), and since the value of constait  
K in Eq. (3) as deduced r'or the simulated case in Fig. 2 is 
K 3.63 X lo-', it is possibie to estimate that the value o i  the ccn- 
stant k' for  random chain scissicn is equal to 1, which is in agree- 
ment with the assumption that one computed cycIe means the selectian 
and scission of one molecule. 

A 

1 

3700 1 3700 
FIG. 14. Dependence of in ( Nio ,,i Xi ) on the number 

n. = 3000 n. = 3000 of cycles. 
1 1 

It can be further noted XI Fig. 14 chat m the reglon of the :xghest 
molecular weights, the dependence oi N on tune is really appro.=- 

mately e -qressed  by Eq. 12). Further, there is noticeabie break LI 
the dependence on time wiuch we have already obse-Ted m time 
degendence n i  3 N  n xi Figs. 7 a d  3. 

1 

s x  
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E s t i m a t i o n  o f  t h e  V a I n e s  o f  C o c s t a c t s  i n  E q .  ( 3 1 ; .  
COnS+d?K c' in zq. (51 )  is equai, as pOinKed out already, to 

2 k ' C  
ni(k' - 2 )  

C' = 

Since k' = 1. 

C' = -2C n. 
1 

where C is a constant from Eq. (19). For the model case it uas 
found in the preceding section that the value of constant C is usually 
cear  0, s o  tllat C esp(-2fin.t) in Eq. (19) can, in a wider region, be 

neglected. Only for  a region of lower degree of polymerization is C 
?rear: enough KO make the influence of C edrp(-2kn.t) in Eq. (19) 
nctic eable. 

of lo3.  It %<I1 most Likely be passible to  neglect the influence of 
C' exp(-Xr..t! in the whole region of the degrees of polymerization 

1 

1 

We see ROW tka: C' = -2C, n ivhiile the value n. is of the order  i' 1 

1 
of the simulated case. 

Constant const'  in Eq. !31! is eqllal to 

Since k' = 1. 

nrr2 

and it may thus be espected that the value of the constant COnSK' in 
Eq. 131: wi!! greatly depend on the value X in the rekcion 
2X.n. = C e.xp(;ic). In Figs. 7 and 8 it is 2pparer.t tha.t both the 

value of C-- and the value o i  A a r e  not cocstant in the whole inter- 

T - Z ~  of t imes tested. but that they change. mostly discontinuously. 

1 1  x 
.i 
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952 ?LALAC 

It i s  therefore to be expected that there will be discontinnous c h g e s  
in the values of the constant const' also. 

V e r i f i c a t i o n  of t h e  E s t i m a t e  o f  Vo!ues  of 
C o n s t a n t  C '  a n d  Constant'. Since for the simulated case 
we used a distribution b a tabular iorm, where the -:slues of 
polymerization degree n. 'xere changing by An.  = 30, Eq. (31) can 
'nave the form 1 1 

n. 
1 ,mas 

X. = const' C N.n 

n. =n. -30 

- C' e.xpt-21in~t) 
1 i j  

1 1  

1. As far as C' e.upt-2Ki.t) in Eq. (33)  can be neglacted, the 
1 

dependence of X.  on 2N.n .  must be h e a r .  
1 I 1  

2. As far as const' 1s StiGnglg dependent on A, 've may elcpect 
sudden changes in the dependence of N. on 3 . n  

Ln order  to verify 1 and 2, we shall choose one e-urnple f rom 
each region as we did in the ?receding section. We shall again 
assume the lowest values for n.: A, nj  = 3000; B, n. = 2000; and 

C, n. = 500. We shall e.mmi?e the n l u e s :  A, Nzajo; B, YssJ; 

1 1 j -  

1 I 

J 
and C, ?J+,,. 

Lf we plot the values fcund 5 y  the Monte Carlo nethod for X i  

against the vaiues l ~ f  2N.n .  l,sae Figs. 15 through 17!, 've see t i h c  

both Assumptions 1 and 2 for constants C' and const' are hslliillea. 
Since Xssumptions 1 and 2 are ful'illed, x e  c a n  transcribe Eq. 
(33) to 

1 1  

(33) 

and, further adjnstment, 
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SiMUUTIOIC OF DEGR4D.iTIOX PROCESSES. III 933 

- 3700 
xZN 7, 

7, =3500 

3700 1 X.n.. 

1 

F'IG. 15. Dependence of X ~ S ~ O  on 
3 3  

n. = 3000 

h(?j.n;! = l ' t  - c+ 
1 L  

where C- = lniconst'C'-n.1. 
x 1  

T h e  D e p e n d e n c e  of ?*'. o n  T i m e .  Itwasshowr.[2] that 
1 

it is convenient to plot the values of N.n .  \h-.n. is directly related 

to the weighc fraction of 2 po!ymer of degree of polymerization n. i .  

The dependence of h(S.n.j on t ime could then be espressed f o r  a 
random c h i ?  scission by Eq. i,34!. whi!e we can elrpect that the 

values oi both C- and A'  will change in some regicns. 
The dependence of h(X.n.1 on time for  the simulated case  is 

plotted in Figs. 18 a n d  19. Figure 18 shows the dependence for  a 

1 1  1 1  

1 

1 1  

1 1  

(34!  
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? j  .200C 

3700 

n. = 2000 

FIG. 16. Degendence of XL9= on 3.n.. 
1 1  

J 
degree of polymerization in the range from 230 to 730; Fig. 19 shows 
tSe same deyendence for  a degree of golymerization from 1000 to 
3100. It is apparent in these figxres that there exist regions in which 
the dependence of h \ N . n . ~  on the number of cycles is linear, as well a s  

regions where both C' ar,d i' chmye their valnes. Frcm chese f iq i res  

it c m  be further noted that c . k g e s  of C- and X' for  the same degree 
of polymerization 3. c m  occur several  times during degrzdation. 

In Figs. 20 and 21 :here zre only rer ions for  wtuch the depen- 
dence of !n\N.n:i  cn time is linear. From these lir-ear regions 

we c z n  determine the values of the constant A ' .  

for the simulated c3se a re  p la ted  on n in Fig. 22. It is apparent 

from Fig. 22 that  :he values oi A '  in this simulated case can be 
joined by- !kes ;Lxiicaced by numbers 1 LO 6 ' .  so t.ht the depen- 
dence of A' on the degree oi golymerizstion probably :has the 
form 

1 1  

1 

l &  

.I11 values I;f the constant .A' determined from Figs. 20 and 21 
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FIG. 17. 

3725 

71; = 5 30 
xLN;?, 

3700 C N.n..  Dependence of N 4 S 0  on 
1 1  

n.=SOO 
1 

‘I  I 

3c 

FIG. 18. Depexdence of l n \ S > n . )  on the n c n b e r  of calculation 
cycles. - 1  
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FIG. 19. Dependence of h N . n . )  on the number sf calculaticn 
1 1  cycles. 

I I  I 

:c 

I 
1 

4 

! I 1 I 
30 _-  - 

13 
z x l r - 3  J 5 'I3 '5 20 

FIG. 20. Dependence of !my n.! on the number o i  calcqlat ion 
1 1  cycles. 

The values of k\ and 7' r'or all SLX lines in Fig. 22 are  gwen in 
Table 1. A 

The  values or :he quotients resu l tbg  from dividing k', m d  q; 
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FIG, 21. 
cycles. 

Dependence of h(?i:n.i on the number of calculation 
A 1  

FTG. 22.  
de,. =Tee n.. 

1 

I 
I 

j 
I 

-7:r 

Dependence of *miues of constant A'  on polynerization 
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TABLE 1. Values of k i  and qi for the Model Case 

1 

2 

~- 

- 15.3 37.1 3 . 3  

- 11.6 20.6 2.5 

9 . 3  

3.1 

3 

4 

-3.1 12.3 1.9 3.2  

-9.1 11.1 1.9 2. a 

5 -3.7 6.0 1.2 1.3 

6 -6.1 4.9 1.3 I. 2 

by the values o i  kx and qx from Eq. t23) shows that we csnrlot excIuae 

the values of 1' in Eq. (341 .  for they are ;i some way "quantized" as 
a result oi the iina! number of molecules in che system. 

C O N C L U S I O N  

.I detailed smdy of the course or' rvldom chain scissicn sirmu- 
lated by t h e  Monte Car lo  rr-ethod has shown some h t h e r t o  unknown 
cAhaaracteristics of the vhole process and has ,?lade it possibole to 
test the validity o i  some zquc icns .  
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