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Simulation of Degradation Processes. lll. Testing
of Some Relations for Random Chain Scission

JIRI MALAC

Research Institute of Rubber and Plastics Technology
Gottwaldov-Louky, Czechoslovakia

ABSTRACT

By means of the Monte Cario method a course of random
chain scissicn was simulated and the iollowing were
determined: the number-average moiecular weight and
the degree of polymerization of the system,. the weight-
average molecular weight and the degree of polymeri-
zation of the system. the number of molecules of degree
of pelymerization higher than an arbitrarily chesen value,
and the number of molecules of a given degree of polym-
erization. Values obtained by simulation were compared
with some analytical relations. Some hitherto unknown
characteristics of the whole process have been
established.

INTRCDUCTION

In 2 previcus paper [ 1] a simple model was described which used
the Monte Carlc methed for simulation of changes in molecular
weights of polymers. The distribution in tabular form was worked
out on four assumptions:

i. The probability of scission of 2 molecule of degree of polym-
erization n is equal to its weight fracticn.
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2. The elementary steps move in the system at a constant velacity
‘one elementary step is 2 scission of one molecule).

3. The process is completely random.

4. The system is closed.

Depolymerization in the simultaneous formation of meonomer was
not considered.

It follows from Assumption 2 that the time of degradation is
directly related to the number of calculated cycles. From Assump-
tions 1 and 3 it follows that the probability of scission of a molecule
of polymerization degree n; isp, = N’in;, :‘Tini’ where N‘; is the

-

number of molecules of degree of polymerization n.l. The course

of one calculation cycle performed by computer is apparent from
the simplified scheme in Fig. L.

I tha zgaction 2f the ‘e rainstaement
| recctng motecule T 3T e Newiy f
Jermeq motec Llesi

—

—

: R |
" sciss.on
_——_—-—!

FIG. 1. Simplified calculation scheme.

From our model the following were derived:

1. The dependence on time of the number of mclecules N, of
degree of polymerization n *

dN,, dt = -k'vp, (1)
1 1

where k' is a constant and v {s the velocity of the elementary steps.
Equaticn (1) was integrated in the limits 0 to t on the assumpticon
that the starting molecular weight distribution is sufficiently narrow,
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Py

eguation for a first-order reaction:

= Nini” :Nini" v is constant, and k' =kZ Nini' The result was an

=N - v (2)
'\10 expl k‘»nit)

N.
it
2. For
1 . 1, Do = Kt (3)

where Hnt and HnO are the number-average degree of polymerization

of the system at times 0 and t, respectively, and K is a constant, and
with the assumption that

-« - o\ a
Ny = =N et (4)

it was derived that

K = v,INn, . (5
it

~—

and the average scission velocity of the chains of the whole molecular
set at any given time is egual to

7 - Ko (6)

The aim of this paper was to test some quantities which are
expressed anaiytically and which are important for the characteri-
zation of a polymer in the course of random chain scission by
applying the results obtained by the Monte Carlc method and to
find some mutual relations.

RESULTS AND DISCUSSION

To test the analytical relaticns by the application of results
obtained by the Monte Carlo method, we shall assume that time
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is numerically equal to the number of cycles calculated by
computer.

The Dependence of the Number-Average Polvmaeri-
Zzation Degree of the Systam H*\. and the Number-
1

Average Molecular Weight ﬂq on Time

It is known that .‘TIn = ) Iﬁn, where M is the molecular weight of a

monomer unit. The determination of the dependence of 51 on time

L

therefore also determines the dependence of Mn.
The value of the numboer-average polymerization degree in in
time t is equal to

n, =INn,TN =31 =N SN
nnt Vxnl‘ it 1r10 \I10‘ \rlt (7

where ENit and :NiO are the numbers of molecules in the system in

time t and in time t = 0, rescectively.
Substituting for :N‘t rom Eq. (4i:

n, = oo (1 + Vt,_..\,1 18}

nt 0)
The value of the elementary steps velocity v can be evaluated from
Egs. (3) and (3). Equations (7) and .8) are identical with the equations

derived in Ref. 2 for the case of random cross-linking without
cyclization.

Comparison with Results Obtained bv the Monte
Carlo Method

The dependence of 1. n__ - 1,n_ . on the number of calculated
ne n0

cycles given by computer {or the simulated case is tlotted in Fig. 2.
For the simulated case, the value of the constant K in £g. (3) is
equal to (deduced f{rom the graph in Fig. 2): K =3.63 x 1073, It
follows from Eq. 3} thatv = K:N‘ini. For the simulated case,



10:19 25 January 2011

Downl oaded At:

SDMULATION OF PEGRADATION PROCESEES. I 927

I ~
5 -~
! ~
o ~ —
b —~
-;-"
”
= ~
= gy
bt ~
g = |
= ~—
> L -~
T 35— = m
-— —~
< -”""
' =~
— —~
——
£
. —
Pt
2 — = 37
9 v v exipm3 OF
F1G. 2. Dependence of the difference 1, . 1, Do on the number

of cycles.

:N=ni = 27,404,350, thus v = 1,0002588 = 1, which is in agreement
’s

with the assumption that ai one calculated cvcle on the computer
one new molecule is formed as a result of scission ¢f one randomly
selected molecule into two parts.

For the simulated case it is thus possible to write Eq. {7) in the
form

where t is the number of computed cycles. The dependence of the
number-average polvmerization degree nn'on the number of com-

puted cvcles is shown in Fig. 2 for the simulated case.

The Deperndence of the Weight-Average Polvymeriza-
ticn Degree of the System HW anc the Weight-

Average Molecular Weight of System ﬁw on Time

Since M = MSW, we shall examine only the dependence of Hw

on time, where Ew = :Nini'*:Nin;. For a closed system SNini is
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FIG. 3. Dependence of the number-average polymerization
degree nn on the number of calculation cycles.

constant, so that only the term SNini2 varies with time. By selecting

-

at randem a molecule with a polymerization degree n‘{ =1, ~ 12

and splitting it at random into two molecules of polymearization
. 2 .
degrees n; and nz, the value cr SNiz'L.l will decrease:

Nn# = 2 . +n2)? - in? 2y
i teat i1 Ny 7 ime T e

.\ENini2 = -2n.n;

where Al is the time needed for a scission of one randomly seiacted
molecule.
It follows that

dn_ = -{2v/SN.n.)nnz dt 1o
w il

When describing the method ¢f chain scission simulation in Rer. 1
and in Ref. 3, it was stated that for a randomly selected molecule
of degree of polymerization n., wve should use a random number 5

from the ropulaticn aquidistributed in the range 0 to 1 and by its
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use we should create the fragments n; =pnx andng =(1-pir < The
product n;n: shall then be equal to ‘

2
n;nz = pil - p“nx

According to the mean value theorem, the mean value of the product
pil - p) in the region (pg p! is equal to

o

1 :
2 =De o pil-plde
[oX)

which for the interval (0,1) gives the value 1,6. Equation (10) can
thus be expressed in the form

@i =~ (v,35SN.n)n ®adt (1
w 11 X

In order to integrate Eg. (11), we must substitute for nx.

Case 1

Let us suppose thatn_ =1n_. Then
X w

dn_ = - (v/3=Nn.'n °dt . (12)
w i w

Integrating in the limits O to t, we obtain

- = Ak 4 .
wt g =V &..I\ini (13)

Comparison with Results Obtained by the Monte Carlo Method

The dependence of Hw on the number of computed cycles is

apparent in Fig. ¢« for the simulated case. For the simulated case
we found from the graph in Fig. 2 the valvte K = v, :Nini = 3.65 x 107°,

which makes it possible to evaluate the right-hand side of Eq. {12},
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FIG. 4. Dependence of the weight-average polymerization degree
r—lw on the number of calculation cycles.

The dependence of 1, Mot 0

the Monte Carlo method and the dependence of vt, SENini on the

-1, HW for values of Ffw calculated by

number of cycles given by the computer is plotted for the simulared
case in Fig. 3. This figure shows poor agreement between the
values obrained by the Monte Carlo methed and Eq. (13). For the
dependence of Hw on time during cross-linking without cyclization
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FIG. 5. Dependence of the difference L, Ewt -1, EWO and depen-

dence of vt, BSNini on the number of calculation cycles.
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we have shown in Ref. 2 that, in order tc get better agreement with
the results obtainad by the Monte Carle method, it is necessary to
also express in the equation the change in the total number of mole-
cules present in the system.

Case 2

Let us suppose the dependence is in the form

- . - n
n? =1 %N SN
b4 W iC it

By substituting in Eg. {11} and integrating in the limits O to t, we
obtain

5 n-1 '|
Rt -l | E R (14)
' ’ nt _l

f

wt w0 n0

Comparison with restclts obtained for the simulated case by the
Mcnte Carlo methed shows that for Eq. (14} the most convenient
value is n = -2, 3. Substituting this value for n in Eg. (14), we
cbtain

- -5/3 "‘

n
-Hl— - H—l— = 5_} %n—t -1 (15)
wt w0 "ho \‘nO/

The difference IEM -1 Ev for values calculated bv the Monte

w0
Carlo method and the values of the right-hand side of Eq. (15} are
nlotted for the simulated case in relarion to the number of cycles
in Fig. 6.

For cross-linking it was shown [2] that for the simulated case
it is possible tc obtain excellent agreement between the equation
and the results obtained by the Monte Carlo method i we assume
that

372

nRz = 0 _2(EN.. SN
w ¢}

i it

Poorer agreement of Eq. (15 with the results obrtained by the
Monte Carlo methed {cr chain scission., which can be noted in
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FIG. 6. Values of the difference 1,n__ - 1,n__ ( ) and values

wt w0
of the right-hand side of Eq. (15) { ®) and dependence on the number
of calculation cycles.

Fig. 6, is probably caused by o(l - o). The validity of Eq. (13) and
the influence of p(1 - pi will be necessary to test for other forms

of the distribution curve and for other values of SNiO.

Number of Molecules of Polymerization Degree

Higher Than the Randomly Chosen Value a, in

Relation to Time

At random scissicn of polymers the degradation ¢an be accom-
panied by dissolution of a part of the material with the lowest
molecular weight. This case was studied by Mejzler | 4] for two
formerly published mcdels of random degradation [ 3, 3!, Both
of these models are limited by the condition cf the starting molec-
ular weight of the polymer and are, therefcre, nct general encugh.
We shall attempt to find relations valid for any form of distribution
curve.

LY

If we select with probability p, = N S.\’ini a1 molecule of degree

n
Xxx
of polymerization 2, T 0Nz and sgplit it at randcm into two mole-

cules of polymerization degree n; and na, then, for an arbitrarily
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chosen degree of polymerization nx > n,, three different cases may
. :
arise:

Case 1: n; < ni
nz < n.

i

Case 2: n; < ni
nz > n,

i

Case 3: n. > ni
N2 >n

Note: The casen,ornz = n, shall be dealt with in the following
section. ’

Case 1

The result is 2 decreace in the number of mclecules larger than

n,. This can happen only if . is irom the interval n < D, < 2n..
The probability that from the rancom scission of one moiecule ©

degree cof polymerization Dy from the range n, ~ g < 2ni, two

4 pe

molecules of degree of polymerization lower than n, are formeqd
is equal to

= - iV
P1 (2ni n )/

The probability that any molecule of degree of polymerization
nt from the interval ni < nx < Eni will be randomly selected and

bv random scission two molecules are formed of degree of polym-
erization lower than ., will be the sum P, P: from n, =0, upto 2ni.

We can thus write for the number of molecules from interval n.1
to 2n.: ’

Py

2n. 2n

2n, .
i i
2N 2N ) =
X X
n_=n, n_=n. n_=n,
x i7t+at x i’t X 1

N (2n, ~n_}
X i X
ZN.n,

ii
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where At is the time needed Zor a scission of one molecule in the
system. Then

..n 2n
l 1
5 .\ - Zn_z N_jst (16)
<% i X
n =n . n =n, n_=n,
X X 1

where K is a constant from Zqg. 12).
Both terms of the right-hand side of Eg. (18) are not ¢only decreas-
ing as a result of the transrfer of molecules into the area below n,

but they can even increase by the scission of molecules of degree
of polymerization higher than 2ni as a consequence of Case 2 or 3.

Case 2

In this case the total numbter of molecules larger than y is net
influenced. Their dislocaticn in the range above n; is alternd

however, :md the total mass of molecules of dearee of polymeri-
zation higher than ni is decreasing. The probability that by random

scission of a molecule of degree of polvmerization {rom the range
1, < ne < Zni, one molecule will be formed of degree of polymeri-

zation lower and another molecule of degree of polymerization
higher than n, is

pz = 2(n_ - n.iyn
X i’ 7%

The probabpility that ov random scission of a molecule of degree
of polymerizaticn n, > Zni' one melecule will be formed of polym

erization degree higher and another of polymerization degree lower
than ay is
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By scission of a molecule of degree of polymerization Dy > 2n.1
a molecule of degree of polymerization n; < n, can be formed and,

at the same time, a molecule of polvmerization degree n: from the
range (ni,2ni)\.

If by scission of a molecule of degree of polymerization n it
is desired to form a molecule of degree of polymerization n; < ni

and simultaneously a molecule of degree of polymerization nz from
the range :n:,.?ni}, then n, must pe from the range r».’2ni, 3ni}, etc.
i

By this procedure the whele range of values n‘{ disintegrates ior a
given Ry irom the point of view of Case 2 into a number of subranges

whose limits are formed by the whole even multiples of degree of
polymerization Dy i.e., the values kni andk=1, 2, ....

For k > 2 it holds that the probability of scission of a molecule
of degree of polymerization R, from the range ((k - l)ni,kni), with

the simultansous formation of 2 molecuie of degree of polymerization
n; < n, and a molecule of degree cof polymerization ne from the range

Ak - 2)ni,(k - l)nij), is egual to

Py = 2Umy - iy

Mass transfers resulting from Case 2 are, therefore, fairly
complicated.

Case 3

The resulf in this case is an increase of the total number of
molecules larger than I This can only happen when L > 2ni.

The probability of formation of two molecules of degree of
polymerization higher than ny by random scission of a molecule

of degree cf polvmerizaticn n > 2n, is
4
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The probability that a molecule of degree of polymerization
a, > 2:1i will oe randomly selected, and by random scission two

molecules formed of degree of polymerization higher than n., is

the sum P, D4 from ‘zni to n, , so that for a change of the number

i max
of molecules of degree of polymerization higher than ni as a resuit
of Case 3 we can write

1, .
ni max i max nx max |
s = N - 4l N \
.92 ‘Ix K( xnx 2'112 x) 3t 17
=n, n =2n. n_=2n,
x i X i X i

where K is a constant {rom Eg. (3).
As a result of Case 3 there are again complicated mass transfers
in the region ahaove ni.

Two molecules irom the range :’ni,Zn.l} can be formed by scission
of 2 molecule of degree of polymerization n, as ger Case 3 only when
n, is from the range <2ni,4ni), etc. Two molecules of a degree of
polymerization from the range /2% 2.'11,23" Ini> can, therefore, be

1

A a- a_ . .
formed only when n_ is from the range (2 'n,2™n ), while
X = i i

a =2,3, ... The probability that by scission of a molecule of degree
of polymerization n, from the range \23" lni,zani/\, two molecules
will simmultaneously be formed of degree of polymerization from the

a-2 a-1_ . .
range /2 n 2 n./ is equal to

a-1
={n_ -2 "nln
pa2 x i Tx
One mclecule of degree of golymerization from the range (ni_. 2a.)
can be formed by scission of a molecule of polymerization degree o
as per Case 3 only when 1, > 4ni, so that one molecule of degree of

polymerization from the range /2~ Zni,?.a‘_l

ni,\ can only be {ormed
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. W a2 S . . o
when n_ > 2 ni. The probability that by random scission of one

. s a -
molecule of degree of pelvmerization n, > 2 n,. one molecule will

a-1

sod=2 o :
be formed from the range /2 ni.Z n, is equal to

Simultaneous Course of Cases 1 to 3

Case 2 does not influence the number of molecules of degree of
polvmerization higher than n,. The change in the number of mole-

cules higher than n, is given, therefore, by the summation of the
right-hand sides of Egs. (16) and (17):

1 max ;1 max 1 max
GZN = ( Na - 205N Yt (18
X X X 1
n =n n _=n. n=n
h 1 X 1 X 1

where K is a constant {from Eq. (3.
n,
i max
The determination of the dependence of Zan‘{ on time in the
n_=n,
x i
simultaneous course of Cases 1 to 3 is difficult. In order to solve Eg.
{18) we shall assume the dependence in the form SN_n_ = C_ exp(At).
By solving Eq. (18} we obtain xx %

ni max K ni max
N = N - xp(-2Kn . t
Z . 2Kni - Z P C expl( ZIxniL) (19)
n_=n, n =n,
x i x i

where A, C, and K are constants. Substituting const = X, (;ZKni - A,
the 2quation becomes
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<
b

n. n,
i max i max
z:N = consnz N.n_ = Cexpt-2Kn.t)
X X X 1
n_=n, n_=n,
x i x i

Comparison with Results Cbtained by the Monte Carlo Method

Since Case 3 can only take place on the condition that nt > Zni,

it is possible to eliminate the incidence of Case 3 by a suitable
choice of n;. Cases 1 and 2 cannot be separated. The incidence

of Case 2 is, however, largely limited to the highest degrees of
polymerization in a given distribution.

For our model the starting distribution contained degrees of
polymerization from the range ¢300,37005. The range ny, for which

no n‘: > 211i exists, is therefore, for the distribution under scrutinv,
the range n, > 1850.

For testing purposes we chose three different values of n;.

1. n, = 3000. For the simulated course the region of highest

degree of polymerization where the scission occurs mostly accord-
ing to Case 1.
2. n, = 2000. Cases 1 and 2 occur, but not Case 3.

3. n.L 300. Cases 1, 2, and 3 occur simultaneously.

In Figs. 7 and 8 the course for the derendence of ENini on time

as obtained by the Monte Carlo method is plotted on a logarithmic
scale. It shows that the application of the assumpticn SN‘{nz =

C_{ exp(it), which we used in the integration of Eq. (13}, is correct

because the dependence on time in the logarithmic scale 1s linear.
As long as Eq. (13) describes the real dependence of = '\: on

time, Eq. (19) should also be valid, sincz the assumption SN‘;n‘{ =
C\: exp(t) holds zood. -

The right-hand side of Eq. (19) has two terms. ‘We shall {irst
attemrpt to plct the values of EN,{, obtained by the Monte Carlo

method, against the values of EN‘(nt. These dependencies are

Cxe
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FIG. 7. Depencence Zanx on the number of calculation cycles.
n_=3000
X

craphed in Figs. 9 to 11. The dependence in Fig. 9 is quite linear,
the dispersion of points in Fig. 10 slightly greater, while the depen-
dence in Fig. 11 is at first sight more complicated than the foregoing
dependencies.

It follows {rom Figs. 9 and 10 that in the region where n, > 2ni

does not exist, the influence of C exp(~2Knit) in Eq. (18) is very small

(i.e., C is near zero) for the simulated case so that the course in this
simulated case can be expressed with a fzir accuracy by

n, n,
1 max 1 max
E : N = const§ :N n (20)
X XX
n_=n, n_=n,
x i x i

where the constant of proportionality is K, (ZKni + A
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The value of the proportionality constant in Eq. (20), deduced
from Fig, 9, is 3.085 X 107%; that from Fig. 10 is 4.025 x 107%,
Since const = K,"(.?Kni - AJ, then A = K (1, const - 2ni). As noted

before, the dependence of EN_{ on SN‘{nt {or the simulated case is

linear in the range 1, > 2n.1, hence

l,const £ (ZN a /SN ) =1,
x'x X0 nio
Then
N = KA, - 2n) (21)
nic i

which makes it possible to obtain the value X for the simulated case
in a given area. The dependence of values of A on n is plotted for
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this simulated case in Fig. 12. As it is apparent from the figure, we
can express this dependence for the model case by a linear equation

A= kon o+ q (22)

where k\ and q, are constants. Aflter evaluation of the constants we

obtain for the simulated case

A= -{4.7 X 10'“.1.1; + (4 %1079 (23

Since for the simulated case Eqg. (21} is valid, it must also hold that

n =kn ~g {24)

1 I
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Substituting Eq. \24) into Eq. (21) and comparing with Eq. (22),
we cbhrain

0
"
a
-
o

Thus by substituting values from Eg. (23) we obtain for the simu-
lated case kn =0.712 and q_1 = 10986.
The dependence of E"io on ni is plotted in Fig. 13. We note in
id
this figure that the dependence for the simulated case is really
linear. The values of constants deduced from Fig. 13 are L:n =0.72
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and q = 1060, which is in good agreement with the values obtained

by Eq. (23).
Since the dependence of Hm’o an ni is given by the shape of the

distribution curve, so also is the validity of Eq. (24) and, conse-
quently, of Eq. (22) iimited to some special cases, 2.g., to the
simulated case.

On the basis of only one simulated case it is difficult to decide
the range in which Eq. (20! is valid for any arbitrary distribution.
i.e., whether the value of the constant C in Eqg. 119) depends solely
on the occurrence of Case 3 or whether it depends also on the lorm
of the distribution curve.

Let us go now to Fig. 11. The dependence of EN"l on SNKn'{ is

more complicated ior n, = 300 than the dependence in Figs. 2 and 10.

In Zq. (19) we shall thereafcre also investizate the influence of
C exp\-ZKnit). For the simulated case the dependence of :N«: on

ENYn,{ and on time for a = 300 is expressed by Eq. {19) which,

aiter evaluation of the constants, has the form
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3700 3700
- -3 - i 4 -3 =
ZNX = 1,344 X 10 annx - 1.64 x 10° exp(-3.649 x 107°) (25)
n =300 n_=500
X X

Equation (23) expresses the dependence of ENX on Sanx and on time

with an accuracy greater than =1% as compared with values obtained
by the Monte Carlo method for n = 500.

For the tested course both the assumption :anx = Cx explAt)

and Eg. {19) in the whole range of degrees of polymerization are
valid. Also valid is Eq. {18), whose validity we endeavored {o test.
It will also be necessary to test the validity of Egs. (18) and (18)
for other shapes of distribution curves and with other numbers of
molecules present in the system.

Since EN‘{nx = Cx exp(it) holds good and so does Eq. (19), we

can adjust Eq. (19) and use the relation :anx = Cx exp(At) to obtain

I

L < (9Kn. - }
— - = = {1 - exp[-\‘.Kni ,\)t]’ (26)
nio nit X

After further adjustment of Eq. (26) we obtain

n. =1

, Cat, J
nit nio’

{l - Cl\l - e 7 (27)

where C, =1, C, C_and C; =-{2Kn, + Ai. Equation (27} describes
nio X i

the dependence of a number-average degree of polvmerization of
molecules with a degree of polymerizaticn higher than the arbitrarily
chosen value n, on time as long as Eq. 119) and the relation
IZN n_=C_ expiAt) is valid.

X X x °

Because a region can exist where C £ 0 and. conseguently, also
C., =0 (for the simulated case the region n, = 2000}, there can also

exist @ Tegion of higher molecular weights, for which the number-
average degree of polymerization is constant irrespective of
degradaticn time by random chain scission.
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Dependence of the Number of Molecules Ni of

Polymerization Degree n;, on Degradation Time

In the foregeing section we did not deal with the case where n,
orng = n;. This case is, nevertheless, important {or expressing

the dependence of the number of molecules of degree of polymeri-
zation ni on time.

In Ref. 1 we deduced the dependence of the number of molecules
of degree of polymerization n, on time in the form of Eg. (1) as

dN/dt = - K'vp, (1

where k' is a constant and v is the velocity of the elementary steps.
For random chain scission there exists no region in which the start-
ing distribution of molecular masses is sufficiently narrow. Equation
12) then holds good exactly only for the highest degree of rolym-
erization. For all other degrees of polymerization we have to
assume that the probability pi in Eq. (1) is composed of the numbper

pi‘, i.e., the probability that a molecule of degree of polymerization
n.l will be randomly selected for scission, and the probability p;

i.e., the probability that by random scission of some molecule
larger than n; a molecule of degree of polymerization n, will be

formed. Hence Eq. 1! must be written for random chain scission
as

dN_/dt = k'vip, - p, ) (28)
1 ir 1=

The probability pi , l.e., the probability that a molecule of golym-

erizarion degree ni will be randomly selected for scission, is
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The vrobability P i.e., the prooability that by random scission of
2 randomly seiected moclecule of degree of poivmerization nj > ny
a rmolecuie will be formed of degree of polymerization ni. isa
probability composed of two parts:

1. The probability that for scission a molecule of degree of
polymerization n] will be selected is equal to p Jn] /TN Jen

2. The probability that by random scission ox a molecule
cf degree of polymerization nj > ni_. a2 molecule of degree of
polymerization n, will be formed is equal to pji =2/n,.

4
-

The probability P, is then

ni max 1 max
= = \‘v J
P ijpji 2 Z SN
n.=n.-+1 1.-n.w-1
]l 31

Substituting into Eq. (281, we obuwain

where K is a constant from Eq. (3).
In order to integrate Eq. (29! we must substitute for SNJ.. The

aumber of moelecules of degree of polymerization higher than the
arbitrarily chosen value was cdealt with in the foregoing section.

It suifices then to express :Nx in Eg. (19} by means of assumption
‘“\‘{n\- = Cx exp(At) as a function of time, to substitute into Eq. {29),
and to adjust to obtain
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dNi/'dt + C‘Ni = C; explrt) + C; exp(-2Knit) 130)
where

c, = k’Kni

Cz = 2k’K2Cx/(2Kni + 2

C; 2K'KC

.C is a constant from Eq. {18).
By solving Eq. {30) and adjusting, we obtain

rxi max
N, = const ZNJ.nJ. - C' exp(-2Kn.t) (31)
n.=n.+l
] 1
where
, 2k'K?
const' =
(2}{[1.1 - :\)“k'Kﬂi - \.)
o = 2%'C
njix’ - 2)

As can be seen. £q. (31! is in agreement, with the excention of
the constant values, with Eq. (19). It is necessary, however, to point
out that both £g. (19) and Eq. (31) were deduced on the assumpticn
that EN.{nt = C*c expiAt), which is valid for the simulated case but

whose general validity has not been proved.

Comparison with Relations Published Thus Far

Simha [ 7], Tobolsky [ 8], and Conley { 9] have, in their equations
for the change in the number =f molecules of a given degree of
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polymerization in relation to time. only one constant k instead of two
constants (k', K) introduced in Eg. (28), and instead of n, they have

ni - 1 so that their equations, expressed by the symbols used in this

paper, have the form

ni max
dN, dt = kj-(n, - LN, + 22}‘5
n.=n,+1
j

The difference from our Eg. (29) is thus insignificant.

Saito { 10] published an integro-differential equation which, after
transcription to the symbols used in this paper and after replacing
the integral by summation, has the form:

1'li max
dN.,dt = -Nn, -~ 2 N,
by 111 Z i
n.=n+1
i i

Compared to our Eq. (28), it assumes a value for constant k'K of 1.

Comparison with Results Obtained byv the Monte Carlo Method

Estimation of Value of Constant k' in Eq. (1).
As already noted, Eq. (2) is valid for random chain scission only
for the highest degree of polymerization in a given distribution.
The highest degree of polymerization in this simulated case is
n, = 3700; Ni3-q0 is, however, too small for this case {less than

100). For the dependence of N3 On time, one can expect a con-
siderable dispersion of points.

Eguation (2) should, however, be approximately valid even for a
wider region of the highest degree of polvmerization. The region
of the highest degree of polymerization for this simulated case is
ny = 3000. We can thus transcribe E£q. (2) into the form

3700 3700

Inf 3N / SN, ) =gt (32)
n,=3000 /n, =3000
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Plotting the dependence on a legarithmic scale derived from the first
part of the dependencies in Fig. 14. the value of km, = 1.184 x 107*,
&

Substituting for r1.1 a usual arithmetical mean, i.e., the value 3330,

we obtain kv = 3.33 x 10”% Since kv = X'X, where k' is a constant

in Eq. (1) and K a constant in Eqg. (3}, and since the value of constant
K in Eq. (3) as deduced {or the simulated case in Fig. 2 is

K =3.65 X 1077 it is possible to estimate that the value of the ccn-
stant k' for random chain scissicn is equal to 1, which is in agree-
ment with the assumption that one computed cycle means the selection
and scission of one molecule.

3700/ 3700
FIG. 14. Dependence of in ZN:O / ZNi on the number

/
of cycles. n, =3000 /ni=3ooo

It can be further noted in Fig. 14 that in the region of the highest
molecular weights, the dependence of Ni on time is really approxi-

mately expressed by Eq. (2}, Further, there is noticeabie break in
the dependence on time which we have already observed in time
dependence of :N\:n‘( in Figs. 7 and 3.
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Estimation of the Values of Constants in Eqg. (31,.

Constant C' in Eg. (31) is equal, as pointed out aiready, to

Since k' =1,

c = -2C n,

where C is a constant from Eg. (19). For the model case it was
found in the preceding section that the value of constant C is usually
near 0, so that C exp(-ZKnit) in Eq. {19) can, in a2 wider region, be

neglected. Only for a region of lower degree of polymerization is C
great enough to make the influence of C exp(-2kn.t) in Eq. (19)
ncticeable. !

We see now that C' =-2C, n,, while the value n, is of the order

of 10°. It will most likelv be possible to neglect the infiuence of
c e.\:p(-QKr.it) in the whole region of the degrees of polymerization

of the simulated case.
Constant const' in Eq. (31) is equal to

const’ = 2 K
‘u’ZKni - A)(k'Kni + A}

Since k' =1,

- 2K*
(2Kn, - /\)lKni + )

const’

and it mayv thus be expected that the value of the constant const' in
Eg. (31! will greatly depend on the value X in the relation
:Njnj = Cx expl{at). In Figs. 7 and 8 it is apparent that both the

value of C_ and the value of A are not constant in the whole inter-
ah

val of times tested. but that thev change, mostly discontinuously.
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It is therefore to be expected that there will be discoatinucus changes
in the values of the constant const’ also.

Verification of the Estimate of Values of
Constant C’' and Constant’. Since for the simulated case
we used a distribution in a tabular form, where the values of
polymerization degree q were changing by ..\.n =30, Eq. (31) can
nave the form

ni max
N. = const' ZN’.n. - C exp(-2Kn. t) (33)
1 ] 1 1

n,=n,=30
i i

1. Asfaras C expt-zxnit) in Eq. (33} can be neglected, the
dependence of Ni on ENjnj must be linear.

2. As far as const’ is strongly dependent on A, we may expect
sudden changes in the dependence of Ni on SNjnj.

In order to verify 1 and 2, we shall chocse one example {rom
each region as we did in the preceding section. We shall again
assume the lowest valuas for nj: A, n]. = 3000; B, nj = 2000; and

c, n]. = 300. We shall examine the values: A, Nazssos B, Nusso;

and C, .\I.;so.
If we plot the values icund by the Monte Carlo methed for N,

against the values of ZN. nJ {see Figs. 13 through 17), we see that

both Assumptions 1 and 2 for constants C' and const' are {ulfilled.
Since Assumptions 1 and 2 are fulfilled, we can transcribe Eq.
(33) to

L max
_\I.l = const' \’ = const’C’\{ axp(\'t)

n.= .—aO
j i

and, further adjustment,
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. -
mNad =Xt - C (34)

where C = ln(const'C;{ni":.

The Dependence of N, on Time. It was shown [ 2] that

it is convenient to plot the values of Nini tI\'ini is directly related
to the weight fraction of 2 polymer of degree of polymerization ni}.
The dependence of ln(Nini) cn time could then be expressed for a
random chain scission by Eq. (34), while we can expect that the

values of both C_ and \' will change in some regicns.

The dependence of ln(Nini) on time for the simulated case is

plotted in Figs. 18 and 19. Figure 18 shows the dependence for a
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degree of polymerization in the range from 230 to 730; Fig. 19 shows
the same dependence inr a degree of polymerization from 1300 to
3100. It is apparent in these figures that there exist regions in which
the dependence of ImN,ln.l) on the number of cycles is linear, as well as

regions where both C™ and \' change their values. From these figures

it can be further ncted that changes of C™ and \' for the same degree
of polymerization A, can occur several times during degradation.

In Figs. 20 and 21 there are only regions for which the depen-
dence of Ln\Nin:) cn time is linear. From these linear regions
-

we can determine the values of the constant \'.
All values of the constant \' determined from Figs. 20 and 21
for the simuiated case are plctted on a, in Fig. 22. It is apparent

from Fig. 22 that the values of \' in this simulated case can be
joined by lines (indicated by numbers L to 3. so that the depen-
dence of \' cn the degree of polymerization probably has the
form

ANo=kin -
{.\nl q\
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The values of k! and g’ for all six lines in Fig., 22 are given in
A hY
Table 1.

The values of the quotients resulting from dividing k’\ and q'\
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TABLE 1. Values of k ard q\ for the Model Case

Number K < 10° q&5<105 Kk a,.a,
1 -15.3 37.1 3.3 9.3
2 -11.6 20.4 2.5 5.1
3 9.1 12.9 1.9 3.2
1 -9.1 11.1 1.9 2.3
5 -5.7 6.0 1.2 1.3
6 -6.1 4.9 1.3 1.2

by the values of & £ and 3, from Eq. 123) shows that we cannot exclude

the values of \' in Eq. \34 ), for they are in some way 'quantized” as
a result or the final number of molecules in the system.

CONCLUSION

A detailed swudy of the course of random chain scissicn simu-
lated by the Monte Carlo method has shcwn some hitherto unknown
characteristics of the wvhole process and has made it possible to
test the validity of some equaticns.
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